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ABSTRACT: We investigate the stability of the extra dimensions in a warped, codimension
two braneworld that is based upon an Einstein-Maxwell-dilaton theory. The braneworld
solution has two 3-branes, which are located at the positions of the conical singularities.
For this type of brane solution the relative positions of the branes (the shape modulus)
are determined via the tension-deficit relations, if the brane tensions are fixed. However,
the volume of the extra dimensions (the volume modulus) is not fixed in the context of the
classical theory. Hence, we discuss the one-loop effective potential of the volume modulus
for a massless, minimally coupled scalar field. Given the scale invariance of the background
solution, the form of the modulus effective potential can only be determined from the sign of
the logarithmic term in the effective potential. This term can be evaluated via heat kernel
analysis and we show that in most cases the volume modulus is stabilized. In the actual
evaluation, due to a lack of knowledge of the UV contributions from the conical branes
in a six-dimensional spacetime, we consider its four-dimensional counterpart. We then go
on to discuss the mass scale of the modulus itself and find that it becomes comparable
to the gravitational scale for mild degrees of warping. Then, we make some suggestions
on the original six-dimensional model. Finally, we close this article, after discussing some
phenomenological implications relating to the hierarchy problem of the fundamental energy
scales and the smallness of the effective vacuum energy on the brane. We find that one-loop
corrections in this model appear to alleviate some of these problems.

KeEywoRrbDSs: [Field Theories in Higher Dimensions, Flux compactifications, Large Extral

Dimensionsd.

© SISSA 2006 http://jhep.sissa.it/archive/papers/jhep122006079 /jhep122006079 .pdf


mailto:masato@yukawa.kyoto-u.ac.jp
mailto:misao@yukawa.kyoto-u.ac.jp
mailto:naylor@se.ritsumei.ac.jp
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

=

[V

B =

[w]

Introduction

A warped codimension two brane model with flux compactification

R.1] Solution
.3 Bulk geometry and branes
The volume modulus

The one-loop effective potential of the volume modulus
B.] Scalar one-loop effective action

B3 Continuous conformal transformations

Effective potential of the volume modulus

Volume stabilization

B3 One-loop effective potential of the volume modulus
B Stability of the volume modulus in four dimensions
Suggestions for volume stabilization in six dimensions

Phenomenological implications
F.] Hierarchy of the fundamental scales
b.9 Effective vacuum energy density

Summary and discussion

A four-dimensional counterpart
A.] The model
[A-d Massless scalar field perturbations in a four-dimensional model

. Conformal invariance of heat kernel coefficients

B Contribution of the bulk
B-2 Contribution of the conical branes

. Derivation of cocycle function for conical boundaries

Conformal properties of the heat kernel coefficients
C3 Cocycle function for the conical branes
[C.3 Total cocycle contribution

. WKB analysis in the conformal frame

D1 WKB mass spectrum
D2 KK limit
D.-3 WKB zeta function

IEEE IEE OEE E EEE

EEEE




1. Introduction

String theory suggests that our universe is not actually four-dimensional, but in fact a
submanifold (brane) embedded into a higher-dimensional spacetime (bulk). Braneworld
gravity and cosmology, especially based on the proposal by Randall and Sundrum [fl, B,
has developed a lot in the literature in the codimension one context [B]. String theory;
however, suggests that there are as many as six or seven extra dimensions and thus, one
may consider braneworld models with higher codimensions. Recently, codimension two
braneworld has been investigated eagerly, because it may give a more natural resolution of
the cosmological constant problem than the codimension one case does, namely the vacuum
energy of the brane may affect only the extra dimensions, not the geometry on the brane,
see e.g., [1-[L]. The basic nature of gravity and cosmology in codimension two braneworld
has been reviewed, e.g., in ref. [I4] (see also references therein).

The stability of the extra dimensions is one of the most significant issues in braneworld
models with two branes. The interbrane distance between the branes appears as a scalar
degree of freedom in the four-dimensional effective theory and affects the geometry and
cosmology on the brane. For instance, in RS-type codimension one brane models, this
modulus, called the radion, behaves as a scalar degree of freedom in an effective Brans-Dicke
gravity [1§]. Several stabilization mechanisms have been discussed in the RS model, both
by classical dynamics [l —[L§] and quantum corrections to the bulk vacuum state [L9, R(].
Stability of the extra dimensions is also a significant issue in higher codimensions. In
this paper, we focus on the issue of quantum mechanical stabilization of the modulus in
codimension two braneworld.

Various codimension two braneworld solutions with two branes have been found, where
the compact extra dimensions are supported by the dynamics of flux fields [, (| —[Ld, ).
Solutions with warped compact extra dimensions have also been found [R1]-P4], especially
in the context of six-dimensional supergravity theory [2J-R7]. In this paper, we focus on
the solution discussed by Aghababaie et al. in [RJ). Similar warped solutions have been
recently discussed in [R§, 9], in the context of six-dimensional Einstein-Maxwell theory. In
these two-brane models, the magnetic flux plays an essential role in order to obtain regular
warped solutions. By “regular” we mean that singularities which are stronger than conical
ones are not permitted. The branes are situated at the conical defects, whose tensions
are determined by the conical deficit angles. In warped brane models the conical defects
correspond to the horizons of the bulk geometry and thus, the deficit angles depend on
the parameters of the bulk geometry, e.g., the mass and charge. By the tension-deficit
relations, if the brane tensions are fixed, then part of bulk geometry is also fixed. In the
models discussed in [2§, P}, the bulk geometry is also completely determined. However,
in the model we shall consider here [@], which is based on six-dimensional supergravity,
only the warp factor is fixed by the classical analysis. Thus, to fix the size of the extra
dimensions, quantum corrections of the bulk field should be taken into account. In this
paper, we consider such a supersymmetric warped flux compactification model.!

'Recently, scalar and tensor perturbations about supersymmetric codimension two brane models have

been discussed, see e.g., [@, @, @, @]



We shall consider the perturbations of a massless scalar field on this brane background
and calculate the effective potential of the volume modulus, focusing on whether or not
one-loop quantum corrections can stabilize the absolute size of the extra dimensions. Due
to the scale invariance of the background field theory, the form of the modulus effective
potential is almost completely fixed and therefore we only need to evaluate the sign of the
coefficient of the logarithmic term in the effective potential to investigate the possibility
of volume stabilization. This is directly related to the appropriate heat kernel coefficient,
which is composed of contributions from both the bulk and the conical branes.

The paper is organized as follows: In section II, we present a warped flux compacti-
fication model that is based on an Einstein-Maxwell-dilaton theory with a non-vanishing
scalar field potential. In section III, we consider the perturbation of a massless, minimally
coupled bulk scalar field in order to derive the modulus effective potential and then inves-
tigate whether or not the effective potential has a minimum. As a result, the stability of
the modulus is determined by the appropriate heat kernel coefficient. Then, we present
results for our analysis of the heat kernel coefficients and we also discuss the rigidity of
the stabilization, i.e., is the modulus mass stable against KK perturbations. In the actual
investigation of stability, rather than the original six-dimensional model, we consider a
four-dimensional counterpart, because of the difficulties associated with evaluating the UV
contributions from the conical branes. Then, we make some suggestions for the original
six-dimensional model. In Sec V, we discuss phenomenological implications relating to
the hierarchy of the fundamental energy scales and the effective vacuum energy realized
on the brane. In section VI, we summarize this paper and discuss possible extensions of
our present analyses. In appendix A, we introduce the four-dimensional version of the
warped flux compactification solution and consider the nature of the massless scalar field
perturbations on such a background, including quantum effects. In appendix B, we show
the conformal invariance of the a4(f = 1) heat kernel coefficient. In appendix C we use
the conformal invariance of the a4 cone(f = 1) heat kernel coefficient on the cone to find
the smeared coefficient a4 cone(f), which is required for the cocycle function. In appendix
D we apply the WKB method to give an estimate for the zeta function in four dimensions,
which contributes to the mass scale of the modulus.

2. A warped codimension two brane model with flux compactification

2.1 Solution

We consider a six-dimensional Einstein-Maxwell-dilaton theory with a non-vanishing scalar
potential B as

1 1 A 1 »
Sg = Mél/d(ix\/—g <§R — 5(%903’90 - Ze_“"FijF” — 29%6"0) , (2.1)
where ¢ is a dilaton field, Fj; represents a U(1) gauge field strength and g; represents

the dilaton potential. This theory corresponds to the bosonic part of the Salam-Sezgin,
six-dimensional gauged supergravity theory [J, Pd] with vanishing Kalb-Ramond 2-form



and chiral scalar fields. Hereafter we set Mél = 1 for simplicity and if needed, we put it
back in explicitly.

The theory given in eq. (B-1) has a dilatonic, charged black hole solution [B3 with
metric

d 2
ds? = ~h(p)dt? + +o~ + (2p)(da? + dad + dad + da?),

h(p)
2M A% gip
Moy = sy
¢(p) = —In(2p),
A
By =4, 9.2
tp p3 ( )

where M and A are integration constants.
At this stage it will be convenient to perform a double Wick rotation, ¢t — 0, x1 — —iT
with the reparameterizations M — —M, A — iA [BJ]. This leads to

2
ds? = h(p)do® + 2L 4 (2p)(—dr? + dad + da? + da?),

h(p)
2M A* gip
h(p) = 7 - F B
©(p) = —In(2p),
A
F,gp == —; . (23)

In this scenario, the branes are located at positions which are determined by the horizon
condition h(p) = 0;

2M g2 A2
2 1
= —|1+1/1— . 2.4
=g < 4M2> (2:4)
We can then rewrite
9% 2 2 2 2
o) =55 (r2 =0 (0" = 02) (2.5)

and whence we also obtain the following useful relations

AM A?
Pt =—. pr=%5. (2.6)
91 91

These give a direct relation between the mass and charge of the magnetic flux. The global
period of 0 is called Af, which is determined by the brane tensions through the tension-
deficit relations as will be discussed later. Note that for the p_ — 0 limit, we obtain a
single brane solution with a naked curvature singularity in the bulk.

2 21\ 1/2
Py —p )
Z prng 2.7

<p2 —p* 27

By changing coordinates to




eq. (R-3) becomes

2

d 2 2.2 _ 2
z gl (p+ pf) 222d62 + nuydxudxv ) (28)

ds? =2p
gi(L+22)2  4(p + p22?)

Thus, there are two cones at z — 0, 0o, whose deficit angles are given by

2 2 2
o 91 2 o gil-r
5+.—27T—2(1—7‘)A9, 5,.—27T—2 3

A9, (2.9)

respectively. Once the brane tensions are fixed, then r = p_/p, is fixed. But the absolute
size of the extra dimensions, i.e., py, is not fixed due to scale invariance of the bulk solution,
unless quantum corrections are taken into account. In the following, instead of fixing o4,
we shall fix 6, and r.

2.2 Bulk geometry and branes

The branes are codimension two boundaries, embedded onto conical deficits at p = pi,
whose actions are given by

Sy = —/d% hoy (2.10)

respectively, where o denotes the brane tensions. Note that we do not assume any coupling
of the dilaton with the brane tensions and such vanishing dilaton couplings are required
in order that effective cosmological constant on the branes vanishes completely, at least
at the classical level [2g]. We also assume that there is no ordinary matter on the branes
other than their tensions. The brane tensions are related to the conical deficit angles by

oy = M§o. . (2.11)
We stress that these relations are only valid for sufficiently small brane tensions in com-
parison with the bulk scale Mél. Then, the angle period Af is determined by

A= 2m0e 20 (2.12)
K4 KR_—

where k4 denotes the surface gravities on each brane:

1 g7
= —hl = —1 2 — 2 . 2'13
Rt = F5h'(p+) 207 (p3 —pZ) (2.13)
Thus, we obtain

— =7r°. 2.14
2T —o_ " ( )

After eliminating r, we obtain

_22m—64)(2m —0-)
I e

(2.15)



We emphasize that, in general, Af # 27 implying that the bulk angular period can be
completely determined by the brane tensions. For later convenience, we regard it as a
function of r and 6,.:

22 —d4)

Af(r,d4) = .
) = =)

(2.16)

Once the brane tensions, o4 and o_ are fixed, then r is also fixed and thus, we now
regard the free parameters as r and 6, along with the dilaton bulk coupling g;. The
remaining degree of freedom used to determine the bulk geometry is the absolute size of
the bulk, i.e., p;. Due to the scale invariance of the background brane solution, p; can
only be fixed by quantum corrections of bulk fields. Note that there is also magnetic flux
constraint given by

P+ Ao 1 1 2(2m —
/ dp/ dOF 5 = —A9A<—2 - —2> __2em o) (2.17)
0 _

_ pZ pi ar

but the magnetic flux only depends on r and §; and does not contribute to the volume of
the bulk.

2.3 The volume modulus

We consider the modulus dynamics in a four-dimensional model in the context of the
moduli approximation, assuming p, is a function of x#. Like for the codimension one case,
we expect that this approximation is valid for low energies, namely when the energy scale
on the brane is below that of the bulk gravitational one, Mg. In this subsection, we shall
reintroduce Mg in the action in order to clarify the dimensionality. We regard py as a
function of the coordinate on the brane z# = (7,72, 23,74) in eq. (2.3) and thus, as the
volume modulus. Then, we expand the components of the Lagrangian density and take

the modulus parts out. It is rather useful to move to the four-dimensional physical frame:

dz? gi(1 —r?)?
ds® = 2 1
§ p[g%(1+22)2+4( 14 12:2)2

dz2 1—r
= 2p4 (x*)p(2) [9%(1 +22) 49(11(+ r2s 2))

22d0* + ny, dadz” ]

22d0* + ny, dat dz” ]

2 g%(l — 702)2 2d02 4 d~ud~V (2 18)
= z Ldztda? |, .
g (1 + 22 4(1 + 1222)2 "l
where Z* has the dimension of physical length. The metric form is just like a Kaluza-Klein
theory with two compact dimensions, apart from the overall conformal (warp) factor 25(z).
Then, we evaluate the effective action of the volume modulus

(1—7r?)z

1 2
5\/—_9(1% - (a@) )mod - m

< — (Op4)* - 4P+52P+> : (2.19)

Note that the flux and dilaton potential terms do not give any kinetic term contributions
to the moduli kinetic term because the vector potential A; has no scale dependence. The



second term is a total derivative term and does not contribute to the effective action.

Integrating over the extra dimensions, we obtain

4(onr _ 2
(S6) o = %/d% <_(ap+) > . (2.20)

After redefining the modulus as

AMZ(2m — &
X6 (2") = \/%P% (2.21)
i

we obtain the canonical form of the modulus kinetic term as

(S6)o s = / @' - %(5%)2) . (2.22)

3. The one-loop effective potential of the volume modulus

Next, we introduce a massless, minimally coupled scalar field (not to be confused with the
dilaton field that supports the background configuration). From this we can investigate
the one-loop effective action for such a scalar field and thus, the effective potential of the
volume modulus on the co-dimension two warped brane background. From now on, we
shall work mainly in Euclidean space, rather than in the original Lorentzian frame.

The action for the massless scalar field perturbations is given by

Sscalar = _% /d6x\/§¢A6¢ (31)

3.1 Scalar one-loop effective action

The one-loop effective action for a massless minimally coupled scalar field is defined as
1
W(; = §ln det(—AG) s (3.2)

where Ag is the six-dimensional Laplacian, which is divergent and needs to be regularized
and renormalized. For this purpose, we define

2s 00
7 dt
= —— —K(t,A .
W 9 /0 s (t, 6) ) (3 3)
where K (t,Ag) is the (integrated) heat kernel defined by
K(t,Ag) = Tr <e*t<*A6>) . (3.4)

The (integrated) zeta function is related to the heat kernel by a Mellin transform:

C(s,Ag) = / T A EK (1 Ag) = Tr<(_A6)S> (3.5)

T(s) Jo



and after analytically continuing to s — 0 we obtain the renormalized one-loop effective
action. The explicit expression for the renormalized effective action is

1

W, = —%MQSF(S)C(S,AG) =3 (% -7+ lnu2> (0, Ag) — %CI(Q Ag) +0O(s), (3.6)

where v is Euler’s constant v ~ 0.577216 and the pole term at s = 0 is removed by renormal-
ization. Thus, after a redefinition of the renormalization scale we obtain the renormalized
effective action and the renormalized scalar field effective action can be written as

1 1
W6,ren = —§</(0, A6) - §<(Oa AG) In ,u2 . (37)

By integrating over the internal dimensions, the four-dimensional effective potential is
WG,ren = /(d4xp%,-)‘/6,eff = /d4j‘/6,eff ) (38)

where Vg has the dimensions (length)™*. In the next section, we shall derive the effective
potential in a codimension two warped brane model. For brevity, from now on we shall
omit the subscript “ren”.

In the case of codimension two, the zeta function is given by the summation

4
C(s,Ag) = /d4x2/ ;ZW]Z )\125 (3.9)

where the eigenvalues are defined by

Agpr = =0 (3.10)
It is straightforward to show that
€(0,A¢) = ag(f = 1), (3.11)
where ag(f) is a heat kernel coefficient, defined by the asymptotic expansion of the heat
kernel
K(t,Ag) ~ Ztk O2qu(f), t—0. (3.12)
k>0

In the warped codimension two case, the eigenvalues are unknown and there are not even
any analytic solutions for the eigenfunctions so we must resort to using an approximate
WKB method to estimate the effective action.

3.2 Continuous conformal transformations

One strategy to evaluate the one-loop effective action and the effective potential is to define
a continuous conformal transformation (parameterized by €)

1
ds% =X Dwggl w=3 In(2p) (3.13)



and thus

d 2 20,2 _ . 2)\2.2
z gl(p+ p—) z > ’ (314)

dsg = (2p)° do? + dx*
o= ) (g%(l TR A e T
where for € = 1 we have the original metric, which we shall denote as Ag . = Ag. The clas-
sical action of this scalar field is changed under a conformal transformation, see eq. (B.13),
by (here we are considering a massless, minimally coupled bulk scalar field)

Sutar = =3 [ Pav/Gonas =5 [ eov/Go(Be+ Ei(0). (3.15)

Es(e) = —4(e — 12§V wVipw + 2(e — 1)Ag Inw
(iy g1 =(h =P, 2+ (1 =2 +p2 2% (1 +e—22%)}
2p (02 + p22%)? '

(3.16)

Due to technical reasons, which will be explained later, we shall evaluate the zeta
function in the non-warped frame ¢ = 0. The correction associated with such a conformal
transformation is commonly known as the cocycle function (obtained from integration along
the paths of the conformal transformation):

1 1
Ws = =50, 86) = 5¢(0, A6) In

1 1 1
= —54’(0, Age=0) — 5((0, Ag o) In p? —/ deag (f = O In ). (3.17)
0

Furthermore, thanks to the conformal invariance of (0, A¢) = ag(f = 1) we arrive at

1, 1 2 '
We = —5C(0, Age=0) = 5¢(0, Age=0) In _/0 de ag (f = Oe(e = 1)w)
1
- _%g’(o,AG,ezo) - %GG(JC =1)In s’ —/0 deag (f = %ln(2p))
1
= —%%‘(f =1)In(p?ps) + { - %C’(O, A c=0) —/0 de <a6 (f - %ln@p))

5 nlps)ats = 1) §
= —gas(f = )n(uo,) + { — 50, 8 ) - /0 deas (f = (2—'”)) } (3.18)

The term ag is given by the volume integration of linear combinations of cubic order



curvature tensors [@f]:

ag(f):= (47r)3{ / dz\/g [% (183;2# G+ 1TR L R* — 2R . R — ARy, RI™F
M .
+9R; k1.0 RIFE™ 4 28RR,,, ™ — 8RIF Ry ™ + 24RIF R;" 4.,
el 35 14 14 .
+12Rijkle]kl,nm + §R3 — ERRinZ] + ?RRijklkal

208 ; 64 i 16 , 4
_? ]kR]ann + ?RinklRZk]l _ ?Rij]nliRknlz
+§RijknR”lpR’mlp+gRijkan’“,,Rﬂ"p%%(6&;2# i+60EsEg.;

+30E} Eg.; + 60E2 + 10REG*.;, + 4R7* Eg 1, + 12R* Eg,,

+30EZR + 12E6R* ), + 5E6R? — 2B RV R;j + 2Eg RM R, 1)
+(contribution of conical branes)} . (3.19)

3.3 Effective potential of the volume modulus

In order to avoid a volume divergence we shall employ the one-loop effective potential, as
given by eq. (B-§), to try and stabilize the extra dimensions. From our discussion in the
previous subsection, the effective potential takes exclusively the following form

Ag(r,64) — Bg(r, 04 ) In(u?
‘/G,eff(ra 5+7p+7u) _ 6( +) 6(2 +) (M p+) 7 (320)

where we have defined

1
[ateacs = [afltd o dea6< ~ 1 (2—’))) L0, 00),
ot 0 2 \p+ 2
_Bg(r,d 1 1
/d4mB6(r, 61) = /d%% = 5C(0, 8g.0) = Sas(f = 1. (3.21)
+

Clearly, if Bg(r,04) > 0, then the modulus effective potential has a minimum at

ph = 1 2e(246+B5)/(2Bs) (3.22)

After a redefinition of the modulus, as given by eq. (B:21]), the effective potential can be

rewritten as

> . (3.23)

2 Ag(r.6.) — Bg(r,6.) In (—129X6
AME(2r — 6,)\ 2 A6(7,0+) — Bo(r,6+) n(4Mg(27r—6+)
%,eff(r, 6+,qu) = 92 X4

6

The field value at the minimum is then given by

AMg (2T — 6
B = 6;27;2 +) (246+Bo)/(20) (3.24)

,10,



and hence, the effective modulus mass becomes

843 ‘
¢BG(T, 5+)e—3(2A6+B6)/(ZBe) <%> MZ. (3.25)
— 0+

2 2
m =02 Voer| =
6,eff X6 " 6 * 2 ) 6

Thus, the ratio between the stabilized mass and the effective bulk cosmological constant is

maeff 8 B (7" S ) < 1% >4e(2A6+BG)/Be (3 26)
-1 — 6\7" . .
Pt 2 -6y I\ Mg

The expression above allows us to quantify the rigidity of stabilization; namely, is the
modulus mass stable against KK perturbations. However, the problem is that the ag
contribution for conical branes has never been formulated as far as the authors are aware.

Concerning the renormalization scale, u, there are several reasonable choices, such as
the bulk curvature scale g (p4 )~ /2 and the gravitational scale Mg (these become g(p. )~ /2
and My in our four-dimensional alternative model, which is discussed in the next section).
However, the stability itself does not depend on the scale, because it is determined solely

by the value of Bg(r,d4) (this is By(r,d4) in the four-dimensional model).

4. Volume stabilization

In this section, in order investigate the one-loop effective potential of the volume modulus,
we consider the four-dimensional counterpart of the six-dimensional case in the theory [BJ,

1 . 1 |
Sy = Mf/d4x\/—g (R ~3 ;00" — ge_‘pFijF” — 4g26‘p> ) (4.1)

where, again, ¢ is a dilaton, Fj; represents a U(1) gauge field strength and g represents the
dilaton potential (corresponding to g; in the original model). Hereafter, we set the bulk
gravitational scale to M? = 1 for simplicity; we shall reinsert it if and when it is needed.
The essential properties of this solution are summarized in appendix A. The reason we use
this model is that we can evaluate the UV contributions from the conical branes. We shall
extrapolate our results to the original model in six dimensions.

4.1 One-loop effective potential of the volume modulus

The zeta function and one-loop effective action in four dimensions can be defined similarly
to the case of six dimensions, as in eq. (B.9) and eq. (B.§), just by replacing “6” — “4” (and
(2m)* — (2m)2). Thus, the one-loop effective potential of the volume modulus takes the
same form as eq. (B.§), after the replacement of d*7 with d?z. The effective action also takes
the same form as eq. (B.1§), given the scale invariant nature of the flux compactification
solution, implying the effective potential can be written similarly as

Ay(r,0.) — By(r,04) In(p?
V4,eff(7a7 5+,P+7,U) — 4( +) ‘;)(—’— +) (lu p+) , (42)

— 11 —



where

A ! 1. /2 1
/deA4(7°, 04) = /d%M = —/ deay (f =5n (_p)) — 5¢'(0, Age0)
P+ 0 2 \p+t 2
Lo
2

B 1
/d%B4(7~, 5y) = /dQ:E% = 5g(o Age—p) =

Note that the stabilized volume of the internal space is given by

)12 —1,(A4+B4)/(2B4) (4.4)

(p4) /7 = n

Again, if By(r,d4+) > 0, then the modulus effective potential has a minimum at p; =
P+, which is determined by A4 (7,04 ) and By(r,d4). Importantly, given the similarity of
the spacetime structure in this four dimensional model with the original six dimensional
model, the form of the effective modulus field can be estimated by dimensional arguments,
in comparison to eq. (B.24). Namely,

(@) = \/ @m (45)

acts as the modulus field in two dimensions. The field value at the minimum is then given
by

M2(2r — 6
Xi* _ 4(/;2792 +)6(A4+B4)/B4 (4.6)

and hence, the effective modulus mass is

4 2 4
mieﬂs = ({93(4‘/21761{ . = T 5+ B4(7“ K} ) 2(A4+B4)/Ba <ML4> MZ . (47)

The rigidity of the stability is determined by the quantity

2 2
Meft 4 —(As+Ba)/Bs [ P
e _ Bul(r.§ (As+Ba)/Bs [ L) 4.8
Por) L 2m— 04 4(r, 04 )e M, (4.8)

Given the conformal invariance of the heat kernel coefficients, a4(f) is straightforward
to evaluate in the ¢ = 1 frame. In the original four-dimensional spacetime, including the
contribution of the cones [B7-B9 we have

ai(f =1) == (477)’2{360’1 / d4x\/§<123%’2k +5R2 — 2R, RV + 2RijklRiJ“)
M
sS4\ 22 1 o a) i
- /d%;(ﬁ) 1—‘3—% hA[g<6R+AIZa:(K() - 20w(l)
T 2- + 47r2 (a)2
+ @ <ZRaa QZRabab+ Z"f
> (m<a> — 2kl )))} } (4.9)

a

- 12 —



where {a} runs from 1 to 2 which denotes the two orthonormal directions to the conical

branes
Z Rapar = Z Rz‘jklné (b n(a Z Roa = Z Rijnéa)“ga) (4.10)
a,b a,b a

and Iiz(j) is the extrinsic curvature defined by Ii( 9 = hkhl ang 9. Here nga) denotes two

mutually orthogonal (1nward pointing) unit normals and @ = z, # and k(%) = p¥ HZZ(;-I), where

hij = gij—> ", n n 1s the induced metric on the brane. The terms A > are undetermined
parameters assomated with conformal invariance of the conical heat kernels. But, as shown
in appendix C, the extrinsic curvatures vanish on the cones and we need not specify them.
Note that this formula is valid for any deficit angle [37, BY].

4.2 Stability of the volume modulus in four dimensions

Now we present the results of our analyses on the one-loop effective potential of the mod-
ulus. The function By(r, 04 ) that corresponds to Bg(r, 04 ) in the original six-dimensional
model is composed of two parts; a bulk and conical brane contribution and thus, the total
is

B4(T’ 6+) = (B4(T’ 6+))bulk + (B4(T’ 5+))branes' (411)

From the properties of the heat kernel coefficients By(r, 04 ) is invariant under conformal
transformations, as is explicitly demonstrated in appendix C. The bulk part of By(r,d;)
is obtained from eq. (B.Z) for ¢ = 1 and as shown in appendix B, it is in fact independent
of €. Similarly, the brane contribution to By(r,dy) is obtained from eq. (B.§).

In figure 1, the bulk contribution to By(r,d4 ) is shown as a function of x, for ¢ = 1 and
04+ = 0.01. Note that in the following plots, which are described as functions of r, we have
set 64 = 0.01. There is no significant dependence on ¢, and thus we mainly focus on r. For
other values of g, the behavior of By(r,d4) is also almost the same. The bulk contribution
is always positive and as r — 0 it suffers from a divergence because of the presence of a
naked curvature singularity. In figure 2, the contribution from the branes, to B4(r,d4),
is shown as a function of r. Comparing this with figure 1, one can readily see that the
cone contribution becomes comparable to that of the bulk one but the sign is opposite.
Thus, the positivity of the total, By(r,d4), is a rather non-trivial issue. In figure 3, the
total, By(r,d4 ), is shown as a function of r and we find that the sign of By(r,d,) is always
positive. Thus, for all values of r, the modulus can be stabilized; this is one of the main
results in this article. Though here we discuss the four-dimensional counterpart, we will
make suggestions on the more realistic case of six dimensions later. Note that the behavior
as shown in figure 3 is almost the same for other values of the conical deficit angle § .

Next, we wish to discuss the minimum potential energy and and thus, the effective mass
of the modulus. These can only be considered through the combination Ay(r, )/ Ba(r,d4),
see eq. ([4), where A4(r,0,) corresponds to Ag(r,d, ) in the original model. This ratio
should then be compared with the renormalization scale, y. We give an explicit derivation
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Figure 1: The bulk contribution to B4(r,0.01) Figure 2: Contribution of conical branes to

is shown as a function of r, for g = 1. By(r,0.01) is shown as a function of r, for g = 1.
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Figure 3: The total log,q(Ba(r,0.01)) is Figure 4: A logarithmic plot of the exponential
shown. The red (solid), green (dashed, with factor in eq. (ft.4) is shown as a function of r
wider intervals) and blue (dashed, with shorter for g = 1 and 61 = 0.01. In the following all
intervals) curves correspond to g = 0.5, 5, 50, logarithmic plots are to the base 10.

respectively.

of the cocycle function and the derivative of the zeta function in appendix C and D,
respectively.

The term A4(r, 84 ) is obtained from eq. (). The first term is the derivative of the
zeta function in the non-warped conformal frame, ¢ = 0, in the context of the WKB ap-
proximation. The second term is known as the cocycle function, which corresponds to
corrections associated with a conformal transformation. By combining these two contribu-

tions we obtain

A4(T’ 5+) = (A4 (T’ 6+))cocycle + (A4 (T’ 6+))WKB' (4‘12)

The bulk and brane contribution to the cocycle function, Ay cocycle(r,04), is given in
eq. (C1I)), while the WKB contribution, A4 wkg(r,d+), in the non-warped frame, is
given in eq. (D.37). Actually, the value of Ay(r,d1) itself is not as important as the
ratio A4(r,04)/Ba(r, 04 ), because the stabilized size of the extra dimensions is given by
eq. (E4). In figure 4, we show a logarithmic plot of the exponential factor as a function of
r for g = 1 and §4 = 0.01. For all values of r, the stabilized size of the extra dimensions
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Figure 5: A logarithmic plot of eq. (f.g) for
= My is shown as a function of . The red
(solid), green (dashed, with wider intervals) and
blue (dashed, with shorter intervals) curves cor-
respond to g = 0.5, 5, 50, respectively and
5. = 0.01.

Figure 6: A logarithmic plot of eq. ([L.g) for
u = My is shown as a function of 4. The
red (solid), green (dashed, with wider intervals)
and blue (dashed, with shorter intervals) curves
correspond to g = 0.5, 5, 50, respectively and
r = 0.5.

is larger than that of the renormalization scale. Especially in the limits » — 0 and r — 1,
much larger extra dimensions are permitted.

Furthermore, in order to show how the stability of the extra dimensions are set rigid,
we can consider the ratio between the effective modulus mass and the bulk curvature scales
g*(p+.)~ 1. In figure 5, we show logarithmic plots of eq. (f£§) as a function of r for various
dilaton couplings g. In figure 6, we also show them as a function of d,. If the ratio is
greater than unity, then, the stability of the modulus is generic. From figure 5 and 6,
the value of eq. (f.§) becomes larger for larger couplings g (in fact the relative mass is
almost proportional to g2). Thus, for large dilaton couplings the stability of the modulus
is rigid against KK perturbations. In figure 5, we also see that for smaller values of r, the
modulus mass becomes relatively light, whereas for larger r it is insensitive to r. In the
limit r — 0 the modulus mass diverges, because a bulk naked singularity is formed. As a
final comment, figure 6 is not particularly sensitive to changes in d, but it does exhibit
a divergent behavior for §; — 2. This is because in such a limit the bulk essentially
disappears.

Before closing this subsection, we should add some comments on other possible con-
tributions to the effective potential, such as one-loop corrections from other fields. Effects
induced by other fields in this supergravity inspired model, especially fermionic degrees of
freedom, may significantly influence stability. In forthcoming work [[[J] we are evaluating
these additional one-loop corrections.

Another possible contribution to stability comes from the two-loop corrections of the
KK modes. However, based on the following discussion we conclude that two-loop effects
are usually negligible. Two-loop corrections are suppressed by one-loop effects by a factor
of order O(R,/M?), where R, is a typical curvature scale in the bulk. Thus, if the ratio
R./M? becomes larger than unity then the consistency of the perturbative expansion breaks

down, where in our case, R, ~ g%/ P+,%. As we argued earlier the renormalization scale, 1,
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should be smaller than the gravitational scale, My, and thus we obtain the inequality:

R* N 92 - 92

M; ™~ Mipys ™ p2pgn’

(4.13)

where g is a constant of order O(1). Then from eq. (.4) and figure 4 we see that u?p, . > 1
for all values of r. Thus, the right-hand-side of eq. (f.1J) is less than unity and the
consistency of the perturbative expansion holds, especially for smaller values of g. Similar
arguments should apply to the original six-dimensional model.

4.3 Suggestions for volume stabilization in six dimensions

Now, we shall make some suggestions on the stability of the volume modulus in six dimen-
sions. Because of our poor knowledge about the contribution from the conical branes we
can evaluate only the bulk contribution. However, we can compare the result of the bulk
contribution in six-dimensions to the four-dimensional one discussed previously.

Evaluating the bulk part of Bg(r,d4) from egs. (B.19) and (B.21)) leads to

1/°° 1 gi(2m — 1)z 1 W(1,r2)

B 1) = -
( 6(T, +))bulk 2 26471'2 2(1 +22)(1 +T222) 1260 (1 —{—7‘222)6’

(4.14)

where

U(py, p—,z) = 2035 pi?2% + 1564 p* p§ — 548 p% pS + 5461 p*22® + 4964 p22'°
+2035 p*225 + 1748 p12 212 4 5461 p'22* — 1740 pI0 p? + 4964 p!2 2*
+1748 p1? 4 32534 pS p* 2% + 26109 p3 25p* + 13944 p8 p* 22
+12757 p8 28pt — 2882 ' 2%p? — 9049 pl02%p? — 5936 pl0p? 2
—548 p8 21%p% + 1564 212 p4 p& — 1740 2122 p10 + 711 p20 28 p?
+3652 pizlopf — 9049 ZSpipl_O — 2882 ,01_0,0326 + 711 pl_o,oiz4
—5936 2102 p10 + 32534 25 p® + 13944 210p% pB 4 26109 p p® 26
+3652 p° pd 22 + 12757 p® p 2* — 10480 p8 pS 22 — 30044 p5 p° 26
—27054 p% 285 — 10480 p& p% 210 — 27054 p5 p0 2*. (4.15)

In figure 7, we plot eq. ([.14) as a function of r for g; = 1 and §, = 0.01 (this behavior
is essentially the same for other values of the coupling g;). The behavior of the bulk part of
Bg(r,04) is similar to that of By(r, ;) as shown in figure 1. As we mentioned previously,
we have no analytic formulae to evaluate the contribution from the conical branes for
ag(f). However, by analogy we expect similar behavior for the conical part of the heat
kernel coefficient. It may be worth mentioning that for larger r» and appropriate values of
g1, Be(r,04) is very likely to be positive and thus the modulus can probably be stabilized.
We could also evaluate ¢’(0, Ag), via the WKB method, and due to symmetry would follow
almost identical steps to the four dimensional case, see appendix C. However, we have no
way to include the cocycle correction, at the level of our semi-analytic approach.

Thus, any further investigation of the conical contribution and the effective mass of
the stabilized modulus (in six dimensions) is somewhat out of the scope of this article and
is left for future work.
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spond to g = 0.5, 5, 50, respectively.

5. Phenomenological implications

Finally, before closing this article, we shall discuss some phenomenological implications, i.e.,
the hierarchy structure between the fundamental energy scales and the effective vacuum
energy on the brane. Even though we are investigating, primarily, the four-dimensional

case, we expect similar results to hold in six dimensions.

5.1 Hierarchy of the fundamental scales

One of the most longstanding issues in theoretical physics to date, is the problem of the

hierarchy structure of the fundamental energy scales, i.e., the huge gap between the gravi-
tational scale, My ~ 10GeV, and the electroweak scale, Mgw ~ 103GeV.

In the original six-dimensional model, the effective four-dimensional Planck scale? is
p+(2m —64), 4

Mgl ~ ————"Ms . (5.1)

9

If we assume a brane localized field whose bare mass is given by m? on either brane at p4

then the observed mass scales are

mi =m?, m? =r*m?. (5.2)

Thus, the mass ratio between the field and the effective Planck mass is given by

mi N<M2m2> gt —(246+Bs)/(2Bs) m? N<M2m2) 2 01 ¢~ (246+B6)/(2B5) (5 3)

~ e , ~
M2 Mg /2m—6, M2 Mg ) 2m—é,

Assuming that the factor of (um/M2)? takes the optimal value of O(1) at the unification

of the fundamental scales, the mass ratio becomes

9t~ (246+B0)/(2B0) (5.4)
2r — 6+ ’

2Not to be confused with M, in the four-dimensional model.
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where we have used the value of p; ., given by eq. (B.29), at stabilization. At present, the
best we can do is use the results obtained from the four-dimensional model:
g2

_J  —(As4+B4)/By
r— e . (5.5)

R(Ta 5+) =
The results are shown in figure 8 and indicate that smaller values of g and r lead to a large
hierarchy on both branes. However, the mass of the stabilized modulus is perhaps too light

to support the realization of the hierarchy at the fundamental scales. This is somewhat
similar to the case of RS codimension one branes [Ld, P].

5.2 Effective vacuum energy density

Another interesting issue is the origin of the observed vacuum energy density, which is
much smaller than the field theoretical prediction; the so-called the cosmological constant
problem. Given the background brane solution that we are considering, the brane vacuum
energy (the brane tensions) only contributes to the bulk geometry and therefore does not
act as an energy source for today’s accelerated cosmic expansion (at the background level
the branes are to be kept flat). However, in this model, the observed vacuum energy density
can arise from one-loop quantum corrections as follows.

At the stabilized volume, from eqs. (B.2() and (B-29), the effective potential takes the
value

1
Vit = =5 Bo(r, 04 )™ (Aot Ho)/(240) (5.6)

and hence, the brane realized vacuum energy is almost completely determined by the
renormalization scale. It is then quite natural that the renormalization scale is taken to
the unification scale, i.e., of order Mg. However, in such a case the exponential factor is
also very small and therefore we may be able to obtain a sufficiently small vacuum energy,
which acts as a dark energy source. Although the vacuum energy is negative definite one
might expect some kind of uplifting mechanism, for instance, due to the presence of test
branes [[].

As in the case of the hierarchy problem, we shall consider the potential energy at the
time of the stabilization. Whence, the vacuum energy is given by

Viw = =1’ Ba(r, 6y )~ (At Bo/As, (5.7)

The coefficient acting on the renormalization scale is very similar to the quantity plotted
in figure 5. Again, for smaller ¢ and r, we can expect smaller vacuum energy densities of
the volume modulus. The mass of the modulus is also very light, but this might be a sign
of a dynamically varying vacuum energy.

6. Summary and discussion

We have discussed the stability of the volume of a warped codimension two brane model
with flux compactification, by taking the one-loop quantum corrections of a massless scalar
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field into account. We have also examined the rigidity of stability by comparing the ratio
between the effective modulus mass and the bulk curvature scales.

First, we introduced a warped flux compactification model in six dimensions, where we
started from the solution with a spacetime structure similar to the Reisner-Nortstrom black
hole. After a double Wick rotation, we were able to derive the desired braneworld solution.
The branes are located at the horizon positions and correspond to conical singularities. For
relatively low energies, namely when the brane tensions are less than the bulk gravitational
energy scale, the brane tensions are related to the deficit angles directly. Once the brane
tensions are fixed, via eq. (R.14)), the ratio of the brane positions, r = p_/p, is also fixed.
But, the volume of the extra dimensions is not completely determined, because of the scale
invariance of the solution. To this end, we investigated whether or not this dynamical
degree of freedom can be fixed by considering the one-loop quantum effective action for a
massless, minimally coupled bulk scalar field. We investigated the stability of the modulus
for given values of the two brane tensions, or equivalently of r and ¢ (the deficit angle of
the brane located at py).

The form of the effective potential can be fixed up to overall coefficients, due to scale
invariance and dimensional arguments, which depend on r and ;4 as in eq. (B:20). From
this the condition for the volume modulus to have a minimum (and hence be stabilized)
is determined only by the sign of the coefficient in the logarithmic term, i.e., Bg(r,d4).
This coefficient is directly related to the zeta function (0, Ag) and thus, the heat kernel
coefficient ag(f = 1).

In the actual investigation of stability, we have used an alternative model in four
dimensions that has a very similar spacetime structure to the original six-dimensional
model. This is because the contribution for the cone to the ag heat kernel coefficient has
never been formulated as far as the authors are aware. We then showed that the heat
kernel coefficient is positive definite for most dilaton couplings, g, independently of the
choice of r and d4. The contribution from the bulk is positive, whereas that from the
conical branes is negative for smaller r; though they are of the same order. For all of the
cases with g ~ O(1), the bulk dominates over the brane parts and thus, the volume is
stabilized.

However, one might ask whether or not the stability is rigid against the various KK
perturbations. This rigidity can be determined from the ratio between the effective modulus
mass and the stabilized curvature radius of the bulk, as given by eq. ([.§), implying a
knowledge of the ratio of Ag(r,d1)/Bg(r,d4). If this ratio is less than unity, then the
mass of the volume modulus becomes too light and may be destabilized by other KK
contributions, whereas if it is greater than unity, the modulus field is not easily perturbed
from the “stabilized” minimum. We showed that the mass ratio becomes larger for larger
coupling g, which is proportional to g? and therefore, stability is rigid. For larger degrees
of warping, i.e., for smaller value of r, other than r = 0, we found that the stabilized
modulus mass becomes relatively light and that this ratio is not so sensitive to different
values of deficit angle 6. Note that it only exhibits a divergence at 4 = 27, where the
bulk essentially vanishes.

Then, we made some suggestions for the six-dimensional case and by comparing the
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bulk part with that of the four-dimensional a4 bulk part we found similar behavior indicat-
ing that our conclusion in four dimensions will carry through to the six-dimensional case:
The modulus can be stabilized and furthermore our approximate WKB approach suggests
that the mass of the modulus leads to rigidity for certain couplings and parameters. Of
course, once formal expressions for the six-dimensional conical heat kernel coefficients are
found, then we can extend the same analysis as that employed in this paper. However, a
more accurate (semi-analytical/numerical) method to evaluate ¢’(0, Ag) should be found,
rather than the approximate WKB eigenvalue method that we used in this article.

We also discussed some phenomenological issues, i.e., the hierarchy problem of the
fundamental energy scales and the extremely tiny value of the observed vacuum energy
density. The six-dimensional results were extrapolated from the corresponding results in
four dimensions. We found that in the hierarchy problem, the ratio between the energy
scale of the brane localized fields and the gravitational scale becomes much smaller than
unity, especially for larger degrees of warping r < 1. Furthermore, the effective vacuum
energy density can also be much smaller than the gravitational scale. The vacuum energy
is negative by definition and we therefore need some kind of uplifting mechanism, to obtain
a more realistic cosmology. In these cases, as was mentioned previously, the mass of the

volume modulus may also be small and thus, might be destabilized.

It is also interesting to compare our results with the codimension one case. An impor-
tant difference is that in the codimension one case all the moduli are not dynamically fixed
and should be stabilized by quantum corrections of bulk fields; however in the codimension
two case at least one of the moduli fields is fixed dynamically, because the brane tensions
are directly related to the bulk geometry. In terms of heat kernel coefficients another obvi-
ous difference is that we are considering even dimensions. In odd dimensions only boundary
terms occur and thus, the renormalization only affects the brane tensions, whereas in even
dimensions there is a bulk contribution and hence logarithmic terms appear. Probably the
most important difference is that the stabilization of the volume modulus can be realized
by the contribution from the bulk, not from the branes, for small warpings. For r <« 1
(large warpings) the stabilized modulus effectively behaves as a very light scalar field on
the brane, which is somewhat similar to the codimension one case, e.g., see [[[9, R0

Before closing this article we shall refer to some extensions of this work: One issue is
to do with the quantum corrections of other fields, such as the magnetic flux and graviton.
The tensor part of the graviton perturbations should be equivalent to a minimally coupled
scalar field, which we investigated in this article and such analyses might give us important
insights into warped flux compactifications with self-gravitating branes. Besides quantum
effects, there are many interesting issues that still remain in codimension two braneworld,
e.g., gravitational waves in the bulk [4J], non-linear dynamics of the bulk and branes, thick
branes and so on. Such work might be key to understanding the self-tuning mechanism
of the effective cosmological constant as a dynamical process. We hope to report on these

topics in ongoing work [0, ).

,20,



Acknowledgments

We are grateful to A. Flachi and K. Uzawa for valuable and interesting discussions. This
work was supported in part by Monbukagakusho Grant-in-Aid for Scientific Research(S)
No. 14102004 and (B) No. 17340075. M. M. and M. S. were also supported by the Japan-

France Research Cooperative Program.

A. A four-dimensional counterpart

A.1 The model

In this appendix, we consider an alternative model of a warped flux compactification in a
four-dimensional Einstein-Maxwell-dilaton theory given by eq. (f1]). This is a toy-model
analogue of the original six-dimensional co-dimension two braneworld model with a warped
flux compactification and a non-vanishing scalar potential [BJ]: Hereafter, we set the bulk
gravitational scale to M? = 1 for simplicity; we shall reinsert it if and when it is needed.

As for six dimensions, we first consider a black hole solution of the theory [B7. After
a double Wick rotation, we obtain

d 2
ds? = h(p)d6? + 1~ + (2p)(~dr® + dz3),

h(p)
h(p) = 2M — %2 —2¢°p,
v(p) = —In(2p),
Fyp = —% . (A.1)

In this scenario the branes are located at positions that are determined by the horizon
condition h(p) = 0;

M 2g%2Q?
=—([1+4/1- . A2
Pt~ o ( M2 (4.2)

We can then rewrite
2g°

h(p) = v (p+—p)(p—p-) (A.3)

and whence we also obtain the following useful relations

M Q?

_ = ==, A4
prtp-="3.  PP-=53 (A.4)

This gives a direct relation between the mass and charge to the magnetic flux. The global
period of 6, denoted A#, is determined by the brane tensions through the tension-deficit
relations as is discussed later.

After a coordinate transformation

= <w>1/2 (A.5)

p—p-
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the bulk metric becomes

dz? (p4 — p-)*2°
ds? =2 2\ do? — dr? + da? A6
Y <92(1+22)2 T o P T —

where our choice of factorization is for later convenience. In this frame we can now easily
investigate the asymptotic behavior of the spacetime near each of the conical branes. For
z — 0,00, there are cones whose deficit angles are obtained from

1—
6y =21 —g*(1 —1)Ab, 6 =21 —g° !

Af. (A7)

The modulus corresponds to the proper length between two branes (strings), which
is characterized by p., or equivalently p; and r. The string tensions are related to the
conical deficits by

oL =My . (A.8)

We stress that these relations are only valid for sufficiently small brane tensions in com-
parison with the bulk scale M7. Again, Af is given by a relation identical to eq. (2.13)
and thus,

2m — (5+
+ _ A.
o —o_ (A-9)
After eliminating 7, we obtain
2m — 2m — 0_ 2m —
Ap= Br=0n)@r=00)  2m—dy (A.10)

g6, —6-)  gl-r)’

Once the brane tensions, oy and o_ are fixed, then r is also fixed and so we now regard
the free parameters as r and o4, along with the dilaton bulk coupling g. The remaining
degree of freedom used to determine the bulk geometry is the absolute size of the bulk, i.e.,
p+. However, because of the scale invariance, p4 can only be fixed by quantum corrections
of bulk fields. The magnetic flux is given by

P+ A6 —
/ dp/ dfFp, = —A0Q <i - i) = —M\/g (A.11)
_ 0 P— P+ 9 r

Thus, the gauge field flux does not contribute to the size modulus.

A.2 Massless scalar field perturbations in a four-dimensional model

We discuss the basic properties of a massless, minimally coupled scalar field on this back-
ground, which is introduced in order to investigate the one-loop quantum effects in the
counterpart model discussed in Sec IV and V, whose action is given by

1
Sscalar = _5 /d4x\/§¢A4¢ (A12)
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As before, we consider a continuous conformal transformation of the metric, parameterized

by €
1
dgi,e _ e w2 w=g In(2p), (A.13)
and thus
dz? 9*(py —p-)?2°
d3; = (2p)° 6% + dx> A4
1= (2p) <gz(1+zz)z (p1 + p_22)2 +ax >7 ( )

where for € = 1 we have the original metric, which we shall define as Ay = Ay. The

classical action changes as

Suair = = [ d'avGone =5 [ oG (Ba+ Bi0) o, (a15)

where

Ey(e) = —(e — 1)%°V,wVyw + (e — 1) Ay Inw

(1N PA =) —pHpe 2+ (A —€)2%) + p_2? (=1 + €~ 22%)}
- <2P> (o4 + p-22)? - (A.16)

B. Conformal invariance of heat kernel coefficients

The classical action of a massless, minimally coupled scalar field is changed under this
conformal transformation, see eq. (A.15). In four dimensions, including conical branes, the
a4 heat kernel coefficient is given by

as(f = 1) = (477)2{3601 / d4x\/§{ (60E4%’2k + 60RE, + 180E2 + 12R* ), + 5R?
M

~2Ri; R + 2R;j ) }

e Z( > ”@[ (05 50 07 2425

a

T 2—

T80 1— (ZRM QZRMMH Z 2
A Y (k@2 — 2@?%’%))] } . (B.1)

B.1 Contribution of the bulk

The integrand of the bulk part of eq. (B.]) is

2 o0

g°(2m 5+)/ z Ya(lre, 2)

g2 —5y) . (B2
(Ba(r,64))buic = 144072 J, dz(l +22)(1+7r22) (14+7r22)4 B2
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where

U(ps,p_,€,2) = —216 EZGpi’_p, —40 piezzﬁp, + 504 266,03_,02_ — 144 28¢py p®
+48 28¢p? p2 + 82862 p% p? — 48 p2 325 — 1123 2t
+192 p%piezz4 - 96 piegz4p2_ — 88 62z6p?ip+ +64p4 e324p3
+33 piz4 +8 62pi +33p% 2% 448 epipz,
—36 p22%p2 + 156 py 24 + T2e2%pt — 144 epdp_
+24 e2z2pi — 16 pie3z4 +16€322p% py — 48 e3piz2p3
+48 e?’pizzp_ + 104 2662[)3_[)2_ — 16 z862p+ p?i — 16 e3z6pf
—16 6324;){ —16p_ 62,0?’F + 168 ez6pf +8 6228;){ +8 62/)2_/)%’_ + 96 ezSpf
—16€3p4 2% + 16 pL €221 4+ 60 p3 25p_
+24€22%p% — 88 6222;)‘:’_;), + 96 epi + 104 6222/)%’_/)2_ + 84 pizQ
—40€%22p1 p2 + 276 p2 22 p_ + 198 p2 24 p% + 156 p2 24 p_ + 504 €2%p% p2
52821 p3 p_ + 91221 p2 p2 — 456 €27 p3 p_ + 16220 pt 4 72620 pd
+16 pie3z6p, + 84 pfzﬁ + 64 ,0‘16324,0, + 96 p§z8 —216€2%p? p.
+60 pizQer — 528 ez4p+ P2 — 456 ez6p?ip+ + 48 p4 e32°p3 — 36 piszQ_
—112p4 22%p + 96 p% 4 276 p2 2%py + 168 €2%pt . (B.3)

At a glance, eq. (B.2) appears to depend on the parameter €; however, we can show

that it is independent of e, i.e., it is conformally invariant.

B.2 Contribution of the conical branes
We can also evaluate the part coming from the cones. Starting with the normal derivatives
. 12 ; ; 1\ py+22%.
niy= (=) g+ 2, niy = (_) eI 5 ()
@) <2p> ? @ \20) glpy—p)z °
in the bulk we obtain

ZRaa_2ZRabab = _92( ! !
a a,b

20) (py + p— 22)?

<— 4242 +12p4 p_ 2 —|—2pi€222 +26222p% +24p, p_ 22 —4 piz2

4222 +12py p_ —4py €2%p —4,03) :
1 1
(2p)¢ (p++p-2%)?

1 2
E+ ER = ‘% <4p+2 +6 py p_ 2 +pi,22 +2%p? +4z4p2,>.
(B.5)

These values are invariant for the limits, z — 0, co. The extrinsic curvature in each
direction is given by

K = _% 2p)/% g(1 + 22)0, In(20)°0;; , kY =0 (B.6)
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and we find
2,2
S K02 = (B2 4 502 _ 16(2p) €2y (p+ — p-) 222 7
p (p+ + p-2?)
222

Z (,i(a)z _ 2%}1%@&)) = 8(2p) 22 (p+ — p-)

(P +p—2%)% B.1)

a

Thus, we see that these terms vanish at the locations of the conical branes: at z = 0 and
z = 0.

Given this fact it is easy to show that as(f = 1) is also conformally invariant. The
explicit form of By(r,d;) for conical branes is finally obtained as

5 5
9> 6125t 4_11"‘( —5)?

(Ba(r.02) ) ppanes = (- 3r>]

o s 5
288 2771_§ ) (1—-5)2
s s s
@ F-Q-r)r+1-3) 1r2 4+ (1—5)2 3
+ 5 4d—c——F—(1-—)|,(B8)
288 T 1-— & 5 (1-9x)2 r
2 2

where we have used

oy —2m(1—r)
—

5= (B.9)

We have also confirmed that the bulk part of ag(f = 1) is conformally invariant and
we expect a similar behavior for the cone part, as in four dimensions.

C. Derivation of cocycle function for conical boundaries

In this appendix, we shall give a derivation of the cocycle function for conical boundaries
in four dimensions. In deriving such a term, we shall use the conformal properties of the
heat kernel coefficients, see e.g., [[i4, B7] -

C.1 Conformal properties of the heat kernel coefficients

In general, for a conformal transformation of the metric, given by g;; — €**g;;, the heat
kernel coefficient in d-dimensions satisfies the following relation
d)

5a{? % g, 1]‘@. (C.1)

d
0 [gig. 0] = o
We shall use this formal relation to derive the smeared heat kernel coefficients. At a
glance, there seems to be a pole at d = 2k in eq. ([C.1)). However, because a,(cd)(f =1)
is conformally invariant in four-dimensions (see appendix B), then the leading order pole
term vanishes. If a,(gd)( f =1) is not conformally invariant, then we should add the term,

5a,(;22[5w]|w:0, which includes mass and curvature couplings [#4]. This is in order to keep
conformal invariance on the right-hand-side. In our case a,(gd)( f =1) is already conformally
invariant, because of the F term that appears as a result of the conformal transformation

of the classical scalar action.
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The conical contribution to a4(f = 1) is given by

At conelf=1) i= (47) /d? Z( ) i [g@ﬁéR+Alz<ﬁ<a>2_zﬂgg>ﬁg)>>

m (2—

+ a a a) ij
- = 47r2 (ZR‘W QZRababJr Z (a) +)‘QZ (@2 U“(i)))]
(C.2)

and in our case the conformal transformation is defined by eq. (A.13).
For a general d-dimensional spacetime, we obtain

Eale) = <¥>< Aw (%)2@ T

_ e—2<e—1>WK$)(e—1)Aw+ <d;2> (c—1)2ViwViw|,  (C.3)

where in the second step we have used the conformal scaling property of the Laplacian, e.g.,
see [[]. Note that e = 1 corresponds to the original metric for the codimension two brane.

Given the above conformal transformation the Ricci scalar, Ricci and Riemann curvature

terms scale as [, B7]
(Bat2R)() =D LR 4 2 (e~ 1)(d — 4)Aw
6 6 6

—|—1—12(e —1)%(d - 2)(d — 4)w;kw;k]

(Z Haa =2 Eb: Rabab%Z RO )(e) = 2D {Z Rao—2 Z Raat Z @ ()

(d 4Zw p (@) “)j—|—2A2w+d 2) Z (aw n()>
+(e—1)? <§(d—4)(d+2)z w.iw,n(Din(V) —2(d—4)w;kw;k>]
Z </£(a)2—21€§?)lia))(6) — o 21w Z [,{(a)Z _ Z(ja) ,{('('1) 2(d—4)(e—1)

Xw;m(“)i/@(“) +(d—2)(d—4)(e— 1)2w;¢w;jn(a)in(“)j] ,
(C.4)

where ; denotes the covariant derivative with respect to the metric ¢ = 1 and curvature
tensors which appear on the right-hand-side are also defined for the same metric. Here,
A, represents the Laplace operator defined by

Agw = Aw — Zn(a)in(“)jwnj . (C.5)

Note that terms including Asw and m(“)w;m(“)i vanish on the cone in the model which we

are considering and thus, we neglect these terms. All the remaining terms proportional to

,26,



(¢ — 1) are also proportional to (d — 4). The terms which include x(®?; (or £(@) are also
vanishing on the cones. However, in order to see the conformal properties of these terms,
in this subsection, we keep them.
By multiplying the conformal transformation of the trace of the brane induced metric,
h(e) = eV /b with these combinations of intrinsic and extrinsic curvature
terms, we can expand the terms as a series in powers of ((d —4)). For instance, expanding
the first term in eq. (C.9) we obtain

MO E+ e n Y (0 -2 )]
he(d4)(61)w(E1R 03 (K2 = 2k k)
Hd - {5~ 1)Aw: 126~ D7 = 2w
a2 an“” G @=De =17 ) wwnn )}
— x/ﬁ[éR Y (M — 250 )]

Ha- VAl o (Bran T (07 - 260

a

1 ik 1 2 ik a)i,.(a
26— Do + T (d = 2)(e = Do +)\1<—2(e—1);w;m(),€()

+(d — 2)(e — 1) Zwﬂw;jn@in(a)j)} +O((d - 4)?). (C.6)

Similarly, expanding the second piece in eq. (C.9) leads to:

\/E(ZRM _QZRGMH%Z,W HzZ (w2 26l )
TR ST S FIVRES SRS YR )

(e—1 wan‘” (@7 4 (¢ — 1) (— (d+2) Zw.iw.'n a)i (“)j—Qw;kw;k>

+)\2<— (e—1 Zw 1Dk 4 (d—2)(e—1) Zwlw (@) “)j>}+0((d—4)2).(0.7)

C.2 Cocycle function for the conical branes

Now we can construct the cocycle function for the conical boundaries. The \/Ew; ]w?j terms

can be reduced to ), w;iw;jn(a)in(a)j and because

2.2

2
(@i (@i _ 2Pt —P-)7g
; \/Ewﬂw;]n n (s 5 p 222 (C.8)
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vanishes on the cone, at z — 0, oo, we can discard these terms. Whence

a4,cone(gijaas((€_1)w)) = Q4,cone gzja (CQ)

2 — 6“ m/1 1
2 N - ik
(4m)~ /d 2 ( ) — hA{3(6wR+6w;k )

994y 0y .

Finally, performing the integration over € we obtain the cocycle contribution for the conical
branes:

1
_/ d€a4,cone(gij7w)
0
dA r2-3% /1 1 . ,
— —(47) 2 2 ‘A4 ~ P - _ m(a)iy(a)j
(4m) /dwé(zﬂ VhA{31_5_fr<6wR+6Za:w’”n n

2

da 5A 52A
G 27T)( = +47r2) E E E a)i, (a)j
_180 (1 5A) w Raa _2 < Rabab — . w7l‘7n( ) n( J

o K B = 0 A TG >><1+z?>f1+m2>%(—1¥:;2’>i)

2 [ 2
9° 0+2— 5 11+(1— o) (1 1—r
21n(2 -1 — =T In(2 1-3
T 2m(2p) ~ 1 o (ghernu a5
2 2
P ka0
1447 T _‘;_+
2 1
11+ (1-5)2/1 3 1-1
21n(2 -1+---—=" In(2 1—-— T . 1
R e CLICAILESRE || B CEU

C.3 Total cocycle contribution

Combining the above result with the bulk piece, we obtain the total cocycle part of
Ay(r,64), defined in eq. (£3), as

2(2m — g-(2m —&4) z Uy(l,7€ 2)
A cocycle(r; 04) = d d 1
4coeyele(T 0+) 144077 / 6/ Z( n( ))(1+z (1 +1r22) (1+rz2)

2 2

9 5+2—2— 11+(1— ) 1 1—r
- T (9] Tfr—o 3 (29 (1—

1447 27 1 [ n(2)-l4r—g (1_2_;) 3 @)1 =3r)+—

[ [
FE--nrea-f)

1447w r 1_g_+
™

e 1
« {2111(27“)—1—1—1—1%(lln(Qr)(l—g)—i-l . >] RENTERE)
T or

where Wy (1,7, ¢, 2) is given in eq. (B.3).
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D. WKB analysis in the conformal frame

D.1 WKB mass spectrum

In this appendix, we derive the mass spectrum in the conformal frame (e = 0):

2 2 _ 2.2
O P ol 2D e (D.1)
g*(1+2?) (p+ +p-22)

and we consider the corresponding eigenvalue problem
(A + E(0)) 6 = —\205. (D2)

where E(0) is obtained from eq. (B.16) and we shall decompose the mass eigenfunction as

ko in(2mw ikx
qSA:/%ZQ))\(z)e (2m/A0)0 gikx: (D.3)

m,n

From now on, we concentrate on the radial mode function and derive the mass spectrum
in the context of the WKB approximation. Changing variables to

1/2
py +p_2°

@ = _— D-4
O = (21 e, (D.4)

leads to the diagonalized equation of motion in terms of f:
f(z) +a(2)f(2) =0, (D.5)

where
A2 — 2 (14 72%)%a2n? 1 27

— _ — = . D.6
a(2) g?(1 + 22)2 (14 22)222 * 4227 Y- 5y (D-6)

To apply the WKB method we require a Langer transformation [{] y = In z and a further
redefinition of the eigenfunction F' = e~%/2f. Thus, eq. (D.5§) becomes

(97 +Qy)) Fy) =0, (D.7)
where
N (e treY)ate?
Qy) = g*(e¥ +eY)2 (e¥ +ev)2 (D-8)

The coordinate y runs from —oo to oo, while the turning points, defined by Q(y+) = 0, are
given by

2
A2 k2 A2 k2
W—QMF\/(W—QT) — 4r?

2y+ _
e = 22 ’

(D.9)

where y4 satisfies y— > 0 > y,. (In the original frame, € = 1, the turning point problem is
even more difficult to solve.) Furthermore, for the n = 0 modes the turning points extend
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to y — 400 and in such a case the mass spectrum becomes exact in the context of the
WKB method. For n # 0, turning points appear if and only if

N> k2 4 dralg®n?, (D.10)

The mass spectrum, which will be determined later via the WKB method, is certainly valid
for the modes that satisfy the above condition. However, we will use the WKB result for
deriving the full zeta function, because this is the best we can do at present. Nevertheless,
it should give a useful order of magnitude approximation to ¢’(0, Ay e=o).

In the WKB approximation, the mass spectrum is given by the quantization condition

| /@) =+ ). (D.11)

Y+

where the integration can be performed as follows: First, we change the integration variable

AQg;kQ)u —n2a?(1 4+ ru)?

D.12
— , (D.12)

du
/dva(y):/ﬂ\/
where u = e?Y. Then, we use the fact that

/ \/a+bu+cu2

Cu(ltu)

) — —aarcsm <2au71—"_b>
Vv —=A

- a—b+c/ (D.13)
1+u) a+bu+cu2

In the case that we are now considering,

—carcsin <

2,2 b::)\Q—kZ_ 2,2 : 2n22 (D.14)

A = dac — b = — — 47°a2n2] . (D.15)

Then, we evaluate each term;

2cu+ b

VA

[\/—_c arcsin ( N

)~ Ve (2220 = —ra(l+ )|, (D.16)

and

‘- du
_(CL—b—|—c)/u+ (Taverirar
= 5\/@2 —k2) + g2a2(1 — r)2n? [amsm ((2a —b)+(b— 20)u>

(14 u_)Vb? —4dac

— arcsin <(2(‘i :r l;):)r (22__22:2* >] . (D.17)
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Unfortunately, in order to find the approximated mass spectrum, we must make one
further approximation: A >> max(n, k). This limit corresponds to the case where (b, uy) —
oo and u_ — 0 respectively. Hence,

\/—dy = - [ (I1+r)ran+ — \/)\2 k2 + g?2a2(1 — 7“)2712} = (m + %)7? (D.18)

The modes with n = 0 correspond to the limits y+ — Foo and a,c¢ — 0. Thus, from
eq. (D.17) the mass spectrum in the WKB approximation becomes ezact:

M=k + g% 2m+1)2. (D.19)
For these modes we use a single summation in terms of m.

D.2 KK limit

To investigate the accuracy of WKB method we can compare the result to the non-warped

KK limit, where » = 1. This has an exact analytic solution for the mode functions with
1-7
i APV BP;# 2= —— D.20
A0 = APLR) + BESG) P =t (D.20)

where we have made a coordinate transformation from z — 7 and

1
viv+1)= i (k* — %) with w=an. (D.21)

The exact mass spectrum is then determined by the regularities of the mode functions on
both boundaries, at 7 = +1 and thus, we find

l+pu+v=-—m or w—v=-m, (D.22)

where m = 0,1,2,... as before. In order to have positivity of the eigenvalue, A, we shall
take the latter condition. From this the exact mass spectrum is found to be

M= g2(2m + 2an)(2m + 2 + 2om) + k2
= *(2m +2an + 1) + k% — ¢*. (D.23)
The result of our WKB method, eq. (D.1§), agrees with the one above (when r = 1)
except for a constant term in the eigenvalue spectrum. However, given that our WKB

approximation is valid for large quantum numbers this constant term is negligible in such
a limit.

D.3 WKB zeta function

Given the WKB spectrum derived in the previous subsection, we derive an expression for
the zeta function and the associated effective action. The zeta function is given by the
mode sum

(27m)2CwkB (5, Age=o) /d%Z/cﬂ A2 (D.24)
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Hereafter, we omit ”WKB” in the subscript of the zeta function. Here, we shall use the
density of states method [47], which from eq. (D.1§) the density of states is easily derived:

dm _ 1 A
d\  2g \/)\2 — k2 +n2g2a2(1 —r)? '

(D.25)

We can therefore replace the sum over m with an integration in terms of \ [&7]

Z / d)\— (D.26)

In the following it will be convenient to decompose the zeta function into two pieces, i.e.,
the n # 0 and n = 0 modes. The total of the derivative of zeta function is finally given by

¢'(0, Age=0) = Cn0'(0, A e=0) + Ca=0"(0, Ay e=0) - (D.27)

Similar considerations can easily be applied to the six-dimensional case, working in the
conformal frame.
For the n # 0 mode, we obtain the following expression

VA2—ra?g?n?
(2P o5, Bamo)= [ Pz S [ an
2v/ragn

n=—oo

dk k(27r)<63:>)\ 25 (D.28)

where because of the condition that there be two turning points, see eq. (D.10), we must
restrict the range of integration. The ’ denotes that the n = 0 mode is to be dropped,
because the potential for this mode is not oscillator-like. Performing the k-integration
first, we obtain

(27 Coso (5, Ageg) = / P2 i

<E> [ a3 (3ot e g
0

n=1 9
(T = o 2 2 92\ °
_QZ <§>/ d)\)\<)\ + 4dra“gn ) (ag(1 —l—r)n)}, (D.29)
n=1 0
where X is defined by
V=N —dratgn (D.30)

For sufficiently large Re(s), we obtain the following integration formulae

2 2 2 2\ % _ 1 1-s 2(1—s)
/0 d)\)\()\ +4ra‘g ) = 3o 1)(47‘) (agn) , (D.31)

/ dS\S\(S\Q + 47“()4292712) 8\/5\2 + 042g2(1 + r)2n2
0

_ (Ozgn)372s _ (1 —s)'(s — %)
2(2s — 3)/m

(4r) s (147)o Fy [— % 1,2—s, (117;)2} },(D.32)

(1 _ T)3f2s

2(s—1)
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where again 9F(a,b,c;z) is a hypergeometric function. Note that the first term in
eq. (D-32) has been analytically continued by employing the standard duplication formula
for the Gamma function; otherwise the result will be ill defined when taking the derivative
at s =0.

Finally, expressing the summations over n in terms Riemann zeta functions we obtain
(substituting back the expression for a, see eq. (C6))

o o o \*7*f T(1—s)(s—3)
(27T)2<n7g0(8,A4,6:0) :/d2$ [?(ag)g 2 CR(2S_3)<27T_5+> { (28 3 7-‘-2

x(1—r)%2 4 —(47“;1(;_(1;”) <2F1 [— % 1,2— 1—1-7“ } 1> H :
(D.33)

where (g(s) is Riemann’s zeta function. Then, taking the derivative in terms of s and an

analytic continuation s — 0, we find

Gt (0 Ae0) = %/d2w{<—2—37—3w<—%))(1—r)3+2(—3+r)r2
<—3+3ln <(1i+)2>>+(1+7°)(1—4r+7“2) (D.34)

omg(1—7) , 0 1 Ar
<6 m(ﬁ) _72043(—3)> +18(1+7“)7“%2F1 [— 2’ 1,2, m} }

The zeta function for the n = 0 mode is given by

2P Crmols, Auco) = [ o [ @Y [P ma 1)
m=0

71.(29)2—23 1
= ————(g(2s—2, = D.35
where (p(s,a) is Hurwitz’s zeta function. Taking the derivative with respect to s and

continuing to s — 0 gives

Cn=0"(0, Ay o) = 392%;_2) : (D.36)
The total result of eq. (.3) or eq. (f13) is
g2 1
Agwis(r,64) = —m{ ( —2—3y-— 31/)< - 5)) (1—=7)3+2(=3+7)r?

<—3+3ln<(1i+)2>> +(1+7)(1 —4r 472

2rg(1—r , 0 1 4r
(6 In (%) —72043(—3)> F18(14r)r 5o Fy [— 312 m} }

39°Cr'(=2) (D.37)

+ 47
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